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1. INTRODUCTION 
If G= (V, E) is a simple graph then the line graph (or edge graph) of G 
is the graph L(G)= (E, L), where L= {{e, f}L{e, f}  ~_E, le~f l  = 1}. If 
G = (V, E) is a simple graph then define 2G to be the multigraph with 
vertex set V in which u and v are joined by 2 edges iff {u, v} ~ E. A 4-cycle 
system of a graph G with vertex set V(G) is an ordered pair (V(G), C(G)), 
where C(G) is a set of four cycles that induces a partition of the edges 
of G. Let (a, b, c, d) denote the 4-cycle ({a, b, c, d}, {{a, b}, {b, c}, {c, d}, 
{a, d)}). 
Heinrich and Nonay [1] have proved that a necessary and sufficient 
condition for the existence of a set of four cycles of K,, having the property 
that every path of length 2 in K, lies in exactly 2 of the 4-cycles, is that 
(a) n is even, or 
(b) n -  1 (rood 4) and 2 -0  (mod 2), or 
(c) n -- 3 (rood 4) and 2 =- 0 (mod 4). 
Note that, since the line graph of a 4-cycle is a 4-cycle, including every path 
of length 2 in exactly )~ 4-cycles immediately produces a 4-cycle system of 
2L(Kn). However, the reverse statement is not true, since a 4-cycle in L(Kn) 
may not correspond to a 4-cycle in K,. (For example, ({1, 2}, {1, 3}, 
{1, 4}, {1, 5}) is a 4-cycle in L(Ks), but corresponds to a star and NOT 
to a 4-cycle in Ks.) Utilizing this correspondence, in the case where 2 = 1, 
Heinrich and Nonay proved their result by finding a 4-cycle system of 
L(K,) with the additional property: 
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(1) each 4-cycle in the 4-cycle system of L(Kn) corresponds to a 
4-cyle in Kn. 
It is natural to consider the question: for which values of n do there exist 
4-cycle systems of L(Kn)? It turns out that, since the additional property 
(1) is no longer required, a necessary condition for the existence of a 
4-cycle system of L(Kn) is that n satisfy (a), (b), (c), or 
(d) n-=l (mod8) and 2 is odd. 
The purpose of this note is to supplement the result of Heinrich and 
Nonay with the following proposition, which is proved in Section 2. 
PROPOSITION 1. If n = 1 (mod 8) then there exists a 4-cycle system of 
L(K,). 
Of course, Proposition 1, together with the Heinrich and Nonay result, 
proves the following. 
THEOREM 1. There exists a 4-cycle system of 2L(Kn) iff n and 2 satisfy 
(a), (b), (c), or (d). 
2. PROOF OF PROPOSITION 1 
We begin with two well-known lemmas (which are also known in more 
general settings). 
LEMMA 1 [-2]. There exists a 4-cycle system of the complete bipartite 
graph Ks. 8x for all x >1 1. 
Proof Let Ks,sx be defined with bipartition V 1 = {1} x {1, 2 ..... 8} and 
V 2 = {2} x {1, 2 ..... 8x}. Then (V1 u V2, C) is such a 4-cycle system, where 
C={((1,  a), (2, c), (1, b), (2, d ) ) l (a ,b )e{(1 ,2) ,  (3,4), (5,6), (7,8)}, 
(c ,d )eF}  and F= {(2i - l ,2 i ) l l<~i<~2x}.  | 
LEMMA 2. There exists a 4-cycle system of Ksy - F, y >~ 1, where F is a 
1-factor of Ksy. 
Proof. ({ 1, 2} x { 1, 2 ..... 4y}, C) is such a 4-cycle system, where C= 
{((1, a), (2, b), (2, a), (1, b)) l l<~a<b<~4y} and F= {{(1, a), (2, a)}la~ 
{1 .... ,4y}} | 
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We will also need the following 4-cycle system. 
LEMMA 3. There xists a 4-cycle system of L(K9). 
Proof For 0~<i~<8, by Lemma 2 there exists a 4-cycle system of 
G~-Ks-Fi, where Ge defined on the vertex set {{i,j}]O<~j<8, j#i} 
and where F~={{{i,l+i}, {i 2+i}}, {{i, 3+i}, {i, 7+i}}, {{i, 4+i}, 
{i, 8+i}}, {{i, 5+i}, {i, 6+i}}}, reducing all sums modulo 9. Then a 
4-cycle system of L(Kg) on the vertex set {{i,j}l {i,j}c_ {0, 1 .... ,8}} 
follows from the partition of the edges of U ~= oFi into 4-cycles, 
{({j, l+ j} ,  {l+j ,  5+j}, {5+j, 2+j},  {2+j,j})]O<<.j<~8}, 
again reducing all sums modulo 9. | 
We prove Proposition 1. 
PROPOSITION 1. If n ---= 1 (rood 8) then there exists a 4-cycle system of 
L(K,). 
Proof. The result is true for n = 9, so we proceed by induction on n. Let 
n=8x+ i, x~>2, and let the vertex set of Kn be {~} w {1 ..... 8x}. L(Kn) 
can be partitioned into the following edge-disjoint subgraphs: 
(1) L(Kg), K9 being defined on the vertex set {oo} u {1 ..... 8}; 
(2) L(Ksx_7)  , K8x_ 7 being defined on the vertex set {oo}w 
{9 ..... 8x}; 
(3) for 1 ~<i~<8, Gi~-Ksx_s-Fi on the vertex set {{i, j)19~j<.8x}, 
where F,.= {{i, 2k -  1}, {i, 2k}} 15~<k~<4x}; 
(4) for 9~<j~<8x, Gj~K8-Fj on the vertex set {{i,j}ll<~i<<.8}, 
where Fj= {{{2k-1, j}, {2k, j}) l  1 ~<k~<4}; 
(5) (U8=1Fi) w 8x (Uj=9Fj); 
(6) Ks.sx-s with bipartition {{oo, i}11~<i~<8} and {{o%j}]9~< 
j<~8x}, 
(7) for 1 < i ~< 8, H~Ks.sx_8 with bipartition (i, k} [k e 
{oo, 1, 2 ..... 8}\{i}} and {{i,j} 19~<j~<gx}; and 
(8) for 9<<.j<.8x, Hj~K8.8x_8 with bipartition {{i,j}ll<~i<~8} 
and {{k,j}lk~{oo, 9, 10,..., 8x}\{j}) .  
The result now follows, since there exist 4-cycle systems of graphs 
defined in (1) and (2) by induction and Lemma 3, (3) and (4) by Lemma 2, 
(5) since these edges form vertex-disjoint 4-cyc!es, and (6), (7), and (8) by 
Lemma 1. | 
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